We investigate the non-gaussian properties of cosmic-string-seeded linear density perturbations with cold and hot dark matter backgrounds. These perturbations are computed using high-resolution numerical simulations with a dynamic range extending from before the radiation-matter transition through to deep into the matter era. We compute the one-point probability density function of the resulting density field, its skewness, kurtosis, and genus curves for different smoothing scales. A semi-analytic model is then invoked to provide a physical interpretation of our results. We conclude that on scales smaller than 1.5(Ωh 2 ) −1 Mpc, perturbations seeded by cosmic strings are very non-gaussian. These scales may still be in a linear or mildly non-linear regime in an open or Λ-universe with Γ = Ωh ∼ < 0.2.
Introduction
At present, the two main candidates for the origin of cosmic structure are inflation and topological defects (for a review, see Vilenkin & Shellard 1994) . Although both scenarios may produce a power spectrum of density perturbations consistent with observations, they have very different predictions regarding the statistical properties of the density field. While most inflationary models produce gaussian randomphase initial conditions, defect models produce nongaussian perturbations particularly on small scales. New results from cosmic-string-seeded structure formation using high-resolution simulations (Avelino et al. 1997 (Avelino et al. , 1998 were very encouraging for models with Γ = Ωh = 0.1-0.2 (see also Battye et al. 1997) ; both the mass fluctuation amplitude at 8h −1 Mpc, σ 8 , and the power spectrum shape of cosmic-string-induced cold dark matter fluctuations, P(k), agreed well with those inferred from observations (Peacock and Dodds 1994; Viana and Liddle 1996) . However, because cosmic strings induce non-gaussian density perturbations on small scales, the power spectrum alone is insufficient to describe all the statistical properties of such a density field. This is even more important in open or Λ-models because in those models the characteristic scales of the density field are shifted to larger scales relative to a flat model with Λ = 0.
In this Letter we investigate the non-gaussian properties of the linear density field induced by cosmic strings using higher-order statistics such as the skewness and the kurtosis of a one-point probability density function (PDF), as well as genus statistics. The non-gaussian properties we reveal provide a significant observational signature for cosmic string-seeded structure formation models on small length-scales. We note that previous analytic work has investigated the string-induced velocity field on scales above several h −1 Mpc, which was inferred to be gaussian (Vachaspati 1992; Moessner 1995) , and that some of the features we study here were also observed in global topological defect models, notably for textures (Park, Spergel and Turok 1991) .
Our first step in the present analysis was to perform high-resolution numerical simulations of cosmic string networks in an expanding universe (Allen & Shellard 1990 ) from which we subsequently computed the causally-sourced density field with either a cold or hot dark matter (CDM or HDM) background. The cosmic string simulations had a dynamic range extending from before the radiation-matter transition at 0.4η eq through to deep into the matter era 8.4η eq , where η eq is the conformal time at radiation-matter density equality. The structure formation simulation boxes contained 256 3 grid-points and their physical volume was in the range (5-120h −1 Mpc) 3 . A much more detailed description of these methods is given by Avelino et al. (1997 Avelino et al. ( , 1998 .
Non-gaussian test statistics
We first convolved the density field obtained above with a top-hat window at different smoothing scales R, and then calculated the resulting PDF p(ν), where ν is the number of standard deviations from the mean. The chosen smoothing scales were always at least three times larger than the grid spacing to guarantee a sufficient resolution for the smoothing, and at least twelve times smaller than the box size to reduce sample variance effects. We then used the skewness and the kurtosis to test their gaussianity. The skewness is defined as M 3 /M 3/2 2 , where M i is the i-th central moment of a PDF. Its sign indicates the skewed direction against a normal distribution. The kurtosis is defined as M 4 /M 2 2 − 3 and measures the size of the side tails against those of a normal distribution. Both statistics are zero for a gaussian distribution, but will depart from zero when the distribution is non-gaussian. We can therefore estimate a "non-gaussian scale" R ng , below which both the skewness and the kurtosis depart significantly from zero.
Another useful statistic sensitive to the non-gaussian features of a density field is the genus, which is employed to measure the topology of a continuous field. Conceptually, the genus of a given surface can be defined as g = # of holes − # of isolated regions + 1.
( 1) A more useful definition of genus is given by the Gauss-Bonnet theorem which relates the integrated Gaussian curvature (a local property) of a surface with the genus (a global property) of that surface:
where dA is a differential two-dimensional surface patch, and K = 1/a 1 a 2 is the Gaussian curvature of the patch with a 1 and a 2 the two principal radii of curvature. For the simulation results, the iso-density surfaces were actually constructed by binning the density onto a cubic lattice and identifying each point or pixel by whether its density is above or below a given threshold. With this procedure each closed surface is approximated by a network of squares. We then used the numerical code developed by Avelino (1997) to calculate the genus of these iso-density surfaces, applying methods proposed by Gott, Mellot & Dickinson (1986) . Here we employed the commonly used volume fraction parametrization of the genus curve, that is, we define a new variable ν f so that
where f is a previously calculated volume fraction of the whole simulation box within which the density is above a given threshold. Having done this, the genus curve becomes less-sensitive to the PDF which we studied separately.
Results
In Figure 1 we plot the one-point PDF p(ν) of the density field in the linear string CDM and HDM models for different smoothing scales R. The skewness and kurtosis of p(ν) as functions of R were plotted in Figure 2 . Although on large scales string perturbations are almost indistinguishable from gaussian random-phase perturbations, on scales smaller than 1.5(Ωh 2 ) −1 Mpc the non-gaussian character of string-seeded perturbations is remarkably distinct, especially in a CDM background. We shall comment further on these features later.
In Figure 3 we plot the genus curves g(ν f ) for a smoothing scale R = 0.5(Ωh 2 ) −1 Mpc in both string + CDM and string+HDM models, as well as the genus curves of gaussian random fields with correspondingly identical power spectra. These curves have been smoothed using three-point boxcar smoothing (see for example Vogeley et al. 1994) and were parametrized by the volume fraction (3). We can observe that on these small scales the genus curves of the cosmic-string-seeded density fields deviate in a significant way from gaussian random fields. As expected, the correlations among the phases of different Fourier modes imply a smaller number of independent regions in real space and therefore a smaller genus amplitude when compared with that of a gaussian random field. This is illustrated in Figure 4 , where two different isodensity thresholds for the CDM string model are directly compared with purely gaussian fluctuations for R = 0.5(Ωh 2 ) −1 Mpc. However, we have also verified that when smoothed on larger scales R ∼ > 3(Ωh 2 ) −1 Mpc, cosmic-string and gaussian-random-phase genus curves are very close to each other in both amplitude and shape. Finally, we note that the string+HDM model departure from a gaussian distribution is less apparent than for string+CDM model throughout all the analysis above. This is because neutrino free streaming smears out small-scale perturbations. In particular, it accounts for the smaller genus amplitude obtained in the context of HDM relative to the CDM model.
Discussion
In order to interpret our results, we invoked the semi-analytic model described in Avelino et al. (1997 Avelino et al. ( , 1998 ; see also Albrecht & Stebbins 1992) . This model was shown to be very accurate in reproducing the simulation power spectrum in both matter-era and radiation-era scaling regimes, as well as during the radiation-matter-era transition. The power spectrum of string-induced density perturbations can be written as:
where µ is the string energy density per unit length, G(k; η 0 , η) the Fourier transform of the appropriate Green's functions, and F (k, η) the structure function. At a given time, F (k, η) has a turn-over scale at k ξ ≈ 20/η which reflects the correlation length of cosmic strings ξ ≈ d H /3. At a particular time, the perturbations induced on scales larger than the string correlation length are generated by many string elements and, therefore, they are nearly gaussian according to the central limit theorem. On the other hand, perturbations induced on smaller scales are very nongaussian because they can be either very large within the string-induced wakes or else very small in regions outside these wakes. In consequence, we can roughly divide the power spectrum of cosmic-stringseeded density perturbations into two parts: a nearly gaussian part generated when the string correlation length was smaller than the scale under consideration, and a strongly skewed non-gaussian part generated when the string correlation length was larger. We shall abuse strict definitions and call these simply the 'gaussian' and 'non-gaussian' contributions respectively. In terms of the structure function in (4), we can make the split
The first component F g corresponds to the left-hand side of the structure function from its peak to the causal compensation cut-off where F g ∝ k 4 for k << k ξ . The second component can be largely identified with the imprint of string wakes and behaves as F ng ∝ k −2 for k > k ξ . Integrating (4) with this gaussian/non-gaussian split, we can compare the relative contributions to the total power spectrum in CDM and HDM models, as illustrated in Figure 5 . This plot demonstrates that these two contributions become comparable at k ∼ 1hMpc −1 for the CDM model and k ∼ 0.4hMpc −1 for the HDM model, taking a Hubble parameter H 0 = 70km s −1 Mpc −1 . We further calculated the variance of the density fields from these non- gaussian and gaussian contributions when smoothed with a top-hat window of radius R:
where w(x) = 3j 1 (x)/x is the Fourier transform of a top-hat window and j 1 (x) the spherical Bessel function of order one. Figure 6 plots the ratio between the standard deviations of the non-gaussian and gaussian density perturbations, σ R(ng) /σ R(g) , against R for both CDM and HDM models. The criterion σ R(ng) /σ R(g) ∼ > 1, gives an estimate for the nongaussian scale R ng . In Figure 6 , we also consider the effect of the limited dynamic range of our simulations, by comparing with the full semi-analytic integral (4). The simulations slightly enhance nongaussianity essentially because there is more 'gaussian' power missing from early times η < 0.4η eq . Nevertheless, we have checked that the power lost (σ (full) − σ (sim) )/σ (full) on scales R ≥ 1(Ωh 2 ) −1 Mpc is always ≤ 10% for the non-gaussian contribution, ≤ 35% for the gaussian contribution, and ≤ 25% for the total power. This confirms the reliability of our non-gaussian analysis based on these simulations.
The consistency between Figure 2 and Figure 6 should be evident, notably for the skewness. The physical reason for the much stronger non-gaussian features on small scales can now be interpreted as the following. Before the radiation-matter equality η eq , the growth of density perturbations was suppressed. This means that even on small scales the contribution to the power spectrum from the matter era is very important. Adding the fact that by the time of η eq the string correlation length had already grown to several (Ωh 2 ) −1 Mpc, the perturbations generated during the matter era on scales smaller than this will add an important non-gaussian contribution to the total power spectrum. The reason why the HDM model is more gaussian than the CDM model is that the neutrino free-streaming length prevents small-scale perturbations from emerging until late times, and therefore significantly reduces the power at large k, where the non-gaussian contribution is dominant in the CDM model (see Figure 5 ).
Conclusion
We conclude that on length scales smaller than 1.5(Ωh 2 ) −1 Mpc perturbations seeded by cosmic strings are very non-gaussian, especially in the context of a CDM model. In an open or Λ-universe with Γ = Ωh ∼ 0.15, this scale will be shifted to 10h
−1 Mpc, which may still be in the linear or mildly non-linear regime, thus potentially providing a strong empirical test for cosmic string models. It has been suggested that such non-gaussianity may imply that it is difficult in string models to deduce the parameter β = Ω 0.6 0 /b from observations of density and velocity fields (van de Bruck, 1997) . However, our results indicate otherwise on large scales because we find that string perturbations are very similar to gaussian-random phase fluctuations, when smoothed on sufficiently large scales.
We also note, of course, that our results were obtained in the linear regime. When the density field evolves into the non-linear regime at later times, the skewness increases as a direct result of the constraint that the density contrast δ ≥ −1. However, when compared with observations, the skewness of our linear cosmic-string-seeded result for any reasonable value of Γ is well below that of the QDOT survey (Saunders et al. 1991) . Our results are also consistent with those of Canavezes et al. (1997) as we find that cosmic-string and gaussian-random-phase genus curves are very similar in the scale range where no strong phase correlations were found by the genus analysis of the PSCz survey. Further investigation using non-linear simulations will be required to see if the statistical properties of the resulting density field induced by cosmic strings are well constrained by observations.
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